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Abstract 

We calculate and R^T^^-^^ couplings in (i = 8 heterotic and type I string vacua 
(with gauge and graviphoton field strengths F, T, and Riemann curvature R) . The holo- 
morphic piece Fg of the heterotic one-loop coupling R'^T^a-^ jg given by a polylogarithm 
of index 5 — 4g and encodes the counting of genus g curves with g nodes on the K3 of 
the dual F-theory side. We present closed expressions for world-sheet r-integrals with an 
arbitrary number of lattice vector insertions. Furthermore we verify that the correspond- 
ing heterotic one-loop couplings sum up perturbative open string and non-perturbative 
D-string contributions on the type I side. Finally we discuss a type I one-loop correction 
to the i?^ term. 
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1. Introduction 



Heterotic 5'0(32)/type I duality relates two string theories in ten dimensions 
A field redefinition transforms the low energy effective action of the heterotic string into 
the one of the type I string. This duality map is valid for second derivative terms as well 
as for higher derivative terms containing four or eight derivatives that can be arranged 
into superinvariants . The low energy effective actions of the heterotic and type I string 
theory are related by the following field redefinitions in (i = 10 0: 

G;.. = A^G;t* ^'=A^ 5m/ = 5^'/''^' ^m'' = ^m''' (1-1) 

where o = 1, . . . , 16 labels SO{32) gauge indices, G^,^ is the metric and B^^f^^ the antisym- 
metric tensor in the NS or R sector and = e*^' is the ten dimensional type I coupling. 
Compactifying to lower dimensions modifies these relations due to the dependence on the 
volume of the compactification manifold Q 

<^L = ^</'?-^lndetG, (1.2) 

where Gj is the internal metric in the type I string frame. This relation shows that 
the critical dimension (i = 6 separates a strong-weak coupling duality from a weak-weak 
coupling duality. 

Toroidal compactification down to eight dimensions gives rise to 4 Abelian gauge 
fields, corresponding to components of G^i and -B^/, where n is the space-time index and 
/ labels the compact directions. The four massless scalar fields from Gu and Bu combine 
into two complex scalars T, U and parametrize the moduli space o(2)xO{2) °^ torus 
(if no Wilson lines are switched on). In the type I theory the U{1)'^ x U{1)'^ gauge group 
is reduced to a diagonal f/(l)^, due to the twist operator O ||]. Similarly only two of the 
four massless scalar fields survive the projection. 

Besides a comparison of the BPS spectrum of the heterotic and type I string non- 
trivial checks can be done for the BPS-saturated and i?^ couplings; see e.g. [H ID @ 
and |]Tn|[rT| for gauge couplings in the context of heterotic/F-theory duality. The special 



feature of these couplings is that -on the heterotic side- they are protected from higher 
than one-loop corrections in the effective action because of supersymmetry. Thus they 
can be exactly calculated. These threshold corrections translate to perturbative open 
string amplitudes and non-perturbative BPS Dl-instanton corrections on the type I side. 
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Therefore by studying various examples of couplings in any dimension one gains insight 
into the rules of computing non-perturbative D-brane contributions. It is the aim of this 
article to pursue these ideas further. The subject are eight-dimensional0 heterotic and 
type I string vacua coming from toroidal compactification of ten dimensions. We calculate 
various couplings of higher space-time derivatives and higher order in a' for both heterotic 
(section 2) and type I string vacua (section 3) and compare them: In section 2.1 we review 
the heterotic couplings, since they capture a part of the structure of the couplings 
which originate in the torus compactification to eight dimensions. These couplings are 
calculated in section 2.2. and 2.3. The latter section contains also closed expressions for 
world-sheet r-integrals with an arbitrary number of lattice vector insertions. In section 
2.4. we calculate the higher order corrections i^'^T^^"^, which have a nice interpretation on 
the dual F-theory side. The type I calculation of these couplings are presented in sections 
3.1-3.3. In section 3.4. we show that, a part of the heterotic R'^T^d-^ couplings has an 
intriguing physical interpretation in term of the dual type I string picture as D-instanton 
sum. Finally in section 3.5. we find a one-loop R^ corrections in eight-dimensional type 
I string theory and give its explanation on the heterotic side. 



2. Heterotic string in eight dimensions 

In this section we consider compactifications of the heterotic string. The heterotic 
dilaton in eight dimensions is a real scalar in the supergravity multiplet [|l^ . Therefore, it is 
believed that there exist no higher than one-loop perturbative corrections, since by super- 
symmetry they would also affect the Einstein term. At string one-loop, higher derivative 
couplings such as F'*, (F^)^, i?^ and (i?^)^ and their respective anomaly-cancelling CP- 
odd parts receive corrections in the effective string action. These constant contributions 
are highly fixed by ten-dimensional anomaly cancellation arguments. In Green-Schwarz 
formalism they are calculated by (almost) holomorphic one loop string amplitudes, whose 
minimal number of external legs is fixed by saturating fermionic zero modes. The result 
for the amplitudes is summarized by the worldsheet r integral over a weight zero almost 
holomorphic function which is related to the elliptic genus [n|[^. After compactification 
on these corrections become moduli dependent functions. It is believed that there are 
no space-time instanton effects, since the only supersymmetric soliton, the NS five-brane, 
cannot be wrapped around the torus. On the other hand, the non-anomaly related coupling 
to Jo = t^tsR^ — |eioeio-R^ may receive higher perturbative as well as non-perturbative 
corrections. 



Other interesting aspects of D = 8 theories have been recently discussed in [12|. 
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2.1. Ten dimensional origin 



Let us briefly review the four graviton amplitude. The graviton vertex operator can be 
read off from the background field expansion of the heterotic sigma model on the worldsheet 



torus [|T5| and reads in the Green- Schwarz formalism 



2 J^^pua 



(2.1) 



where are bosonic fields with |U = 1 . . . 8 and S"" with a 
partners. The four-point graviton correlation function is i 



1 ... 8 their supersymmetric 



1^1 0"! 0'2 1^3 "'3 V4, 0"4 



(2.2) 



The tensor ts 



jdjklmnpq 



2abi^l^2ah^ahcde}gh jg defined e.g. as in In the path 



4 4 4 4 

integral formalism it arises after integration over fermionic zero modes. 

Depending on different ways of contracting bosonic fields the worldsheet integration 
results in two different couplings Contractions which are associated to permutation 

cycles (1)(234) give rise to the Tr i?^ coupling G4, whereas contractions corresponding to 

-2 

permutation cycles (12) (34) result in the (Tri?^)-^ coupling 6*3. The Eisenstein functions 
G2k of weight 2k can be interpreted as 'gravitational' charge insertionsJl 



The pure gravitational part of the effective action is [14 



rrl — loop 
'-'eff 



— form 



(2.3) 



where M 



y{10) 



^lo^g is the normalization factor including the uncompactified volume and 
with the elliptic genus 



^(^,0,i?) = exp[^ 



1 



1 /zi?\2fc- 



^ 4A: (27ri)2'= \2ti ) 



El 

24 



n 



(2.4) 



a nb \ ik- X 



: the 0{k'^) piece of 



Using the vertex operator Vgr = e^^ : dX^{dX^ 
the four point graviton amphtude produces the one-loop Tri?'^ couphng with bosonic correlator 

r4 ,2 /T-r4 



/ rii-i '^^•^^dli-i dX'^^), which gives no contribution after z-integration [14|. 

^ The relation between different normalized Eisenstein functions is G2k = 
2({2k)E2k, where B2k are the Bernoulli numbers. 



(2fe)! 



-B2kE2k 
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where the last term is the Eg x Eg hght-cone partition function A{q) = ^ Xlperie o 
which is a modular form of weight —4. Since the effective action has to be modular 
invariant the elliptic genus is replaced by its regularized version A{q, R) depending on the 
non-holomorphic function G2 instead of G2- 

The action ( p73| ) has also to be supplemented with the corresponding GS-counterterm 
which will provide us the CP-odd part of our amplitudes and gives the eight derivatives 
gravitational superinvariants 13,14 [§. 

2.2. heterotic couplings 

For toroidal compactification the amplitudes include a lattice sum, which arises from 
integration over zero modes of compactified bosons. In addition to the gauge group Eg x Es 
or SO{32) (without additional Wilson lines) there are extra U{1) gauge groups. Here we 
will mainly concentrate on these U{1) gauge couplings and consider the case without and 
with Wilson lines separately. The internal gauge boson vertex operator can be read off 
from the a model action. Writing the internal metric as 

J2 \Ui 



with e/ = Y ^(1, t/) and ej = y ^(1, t/) the vertex operator for G^/ gauge bosons in a 
background gauge e^e*'^'^ = —^F^pX^ with = const, in Green-Schwarz formalism is: 



where A — 1,2 labels different U{1) charges 

Q]^^Q^ = eidX' = ^l^il,U)A(]) , 

(2.7) 

where A = (^^l-ll^ ^ GL{2, Z) matrix. The complex structure and the Kahler structure 
of the torus are defined in terms of the metric and NS-NS antisymmetric tensor as C/ = 
Ui + iU2 = {G12 + WdetG) /Gil and T = Ti + 1X2 = 2{h + zydetG), respectively. 

Inspection of the four point amplitude (Hi^^i ^gauge) shows that replacing R^p,y„dX^ X^ 
by Fpjy^AQ^ in (^3) turns the four graviton amplitude into the four gauge boson amplitude 
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with bosonic correlator (11^=1 i)int- This correlation function now includes a sum over 
winding modes n and 1 of the r(2,2) lattice. 

The effective action depending on these couplings can be expressed as: 



'1-loop 287r4 / 



e ■^a 

'2 ^ 



l,n6Z 



X 



j DS^ (.-^I^^Py^,A QuK'^Aisi) 



where R^^ = i^o^T^T^o^^ 



4' 

Berezin integration thus produces the following terms in the effective action 



'S'l-loop = 287^4 ^F^-T^^^^i '^^2 : (2-9) 



for (J = 0, . . . , 4 with coupling 



X 



d 



^ AeGL(2,Z) 



(2.10) 



A=0 



The gravitational charges G2k are now replaced by 11^=1 ^Q"^^ ' which transforms under 
SL{2, Z)t- as a modular function of weight 4. 

Poisson resummation turns the sum over winding modes 1, n into a sum over momenta 
m and windings n. The partition function now contains Narain momenta insertions 

PR = [mi + m2U + T{ni + n2U)] 

^^Y^ (2.11) 

PL = [mi + m2U + T{ni + n2U)] . 

y ZI2U2 

The different couplings A^4-9^q include charge insertions {QrY~'^{QrY ■ From (|2.10|) the 
T^p^~ip^ coupling reads: 



(2.12) 



Supersymmetry relates even to odd spin structures. Since periodic Green-Schwarz fields 8°" 
are mapped to periodic NSR field V'*, CP-odd correlation functions of NSR currents are equivalent 



to CP-even correlation functions of Green-Scliwarz currents due to a Riemann identity [15|. 
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This r-integral has been solved in [T^ by the method of orbit decomposition [18] and 



techniques developed in . It has been shown in JT^ that these four point functions 
( p.l2|) are related to a holomorphic prepotential Q (T, U) which transform as a modular 
function of weight (—4, —4) under SL{2, 7j)t x SL(2, 7j)u duality. This is similar to vector 
multiplet sector of N=2 supersymmetric string vacua in four dimensions. They arrange as 
fourth order covariant derivatives! 



A^4-,^, = IGm^jf) D'^f'^Dlg - 167rz(^^j D^-D^g (2.13) 



G^T.U) = -^^fM - Y^t^^ - E ^(^0 C^,bTW] +QiT.U) , (2.14) 



of the prepotential Q 

^c(0)C(5) 1 

{k,l)>0 

with some quartic unconstrained polynomial Q{T, U). The holomorphic covariant coupling 
dj.Q is obtained by a five point amplitude {Vt Ylt ^Ft) [|I3- This is the analogue to the 
Yukawa couplings dj^f in the N = 2 supersymmetric case in d = 4. 

2.3. Generalized worldsheet r -integrals 

Rather than restricting to the case ( |2.12| ), it is the purpose of this section to find 
general expressions for world-sheet r-integrals with an arbitrary number of lattice vec- 
tor PutPrtPl and pl insertions. Such integrals appear in A^-point string amplitudes of 
toroidal string compactifications. See also [T^] for further discussions and 
for examples. 

r d^r 



A ._ r f^r^l. V p^i-^\PL\\-^iT\PR\^ 



(Pi.PH) (2.15) 

X eAip^+A2PH+A3P^+A4Pi g-2:;^(AlA2+A2A3+A3A4+A4Al) J 

with the modular function of weight /c, the integers r, s > 0, (ix.eti^flz^fli > and 
= + 0^2 + ?3 + <?4- We exclude the trivial case (gi, q2,(l3, Qa) = (0, 0, 0, 0). World-sheet 
modular invariance of the integrand requires: 

k = -qi - ?2 + <?3 + ?4 

(2.16) 

r-s-k = qi+q2 ■ 



^ The covariant derivative D^j, maps modular forms ^w,w{U) of weight {w,w) to forms of 
weight {w + 2,w) i.e. ^uj+2,^{U) = D^^^,^{U) = ^{du + -(jfZij))^w,w{U). We use the notation 
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In particular, the expression (T — T) '^{U — U) ^^q^q^q^q^ contains the piece 



{u -UY 



X 



_1 — r+s 



•7i-iT|p_L|^g-7i-ir|pfl'^ - 



fk{r) 



(2.17) 



next to subleading pieces, which are less harmonic and are due to IR-effects originating 
from pinching vertex operators. In general, those terms have different modular weights. 



T 



has modular weights 



wt = m + -{qi - g2 - gs + ^4) 
yj-::^rn + -(<?2 -qi-q^ + qs) 
wu = n+ -{q2-qi+q4-q3) 



(2.18) 



under SL{2, Z)t x SL{2, Z)c/, {ad -hc = l) 



{pl,Pr) 



cT + d 
cf + d 
cU + d 



{pl.Pr) 



cU + d 

Poisson resummation on (|2.15|) leads to 



cT + d 



T , U 



Agi<?2<?3<j4 : ^2^Af aA92 5A|3 5Af y ^2-r+s 



aU + b 
cU + d 



(2.19) 



T 



AeM{2,Z) 



g-2.^TdetA | ( ^ )* A( 1^ 



X e 



^2 /fc(rj 



A,=0 



2-f T2(-l)'?2+<74+A^ 



_2+Ar-r-+s 



A6M(2,Z) 



(2.20) 



Here the sum runs over all integer 2x2 matrices A = ^"^^ G M(2,Z). Modular 



invariance enables us to use the orbit decomposition used in [18|, i.e. decomposing the set 
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of all matrices A into orbits of SL{2, Z): 



lo-- 


H 


h : 












k j 
p 

J 
p 



, 0<j<k, py^O, (2.21) 
(j,p)^(0,0) . 



Since we excluded the case {qi,q2,Q3,Q4) = (0,0,0,0), Iq does not give any contribution. 
The integral to be done for the Ii orbit is: 

After introducing 

2 i(Ai + A2 + A3 + K)p 1 (Ai - A2 + A3 - A4)^ 
= p(/cTi + Zt/i) 

+ [(/cT2 - iC/2)Ai + {-kT2 + ZC/2)A2 + (-A;T2 - IU2)!^^ + (A;T2 + IU2)^A , 

(2.23) 

and the functions 

^ (2.24) 
/2(a,/3) = e-^''^^'V^{e'^^i'P + e-^''''^) . 

we obtain the closed expressions for Ii and I2 in the chamber T2 > U2'- 

QN 



Ml'Mf aAf 



X 



fc>o p=io 



T2[/2 



n{kT2 + lU2y 



1 (-l)'^+^a' 



r+sQr+s (2.25) 



(7rT2[/26)^ Z^) 1 — ,A,=o ' 



N 



d 

T2U2 



1 — \-S Ql — \-S 



:-iY+'d 



-/2(a,/3) 



a = l 

13 = 1 



fe=0 p-LQ 
i>0 

+ c{Q)sgn{s - ry-"- {2'kT2U2Y~'[1 ■ 3 ■ 5 ■ . . . • (2|r - s\ - V ^1— - 



rrl + s-r is-r 



V ^ 

.■/o J 2 + J^JW^^2 + A4 - Ai - A3) + ? 



Ai=0 



(2.26) 

Generically, the second sum leads to ^ = C(a) for a = l + 2(s — r) 7^ 1. For a = 1 

P>0 

one has to replace this term with a regularized sum, which is derived in the appendix. In 
total, we obtain for ( |2.15|) : 

^91929394 = -^1 + -^r^' • (2.27) 

Let us briefly discuss the case N := qi 0, even , ^2, Qa, ?4 = , s = r = 0, for which 
/i,/2 can be further simplified: 



X 



\P- 



fc>o p/0 
l>0 p^O 

+2c{0)C{N +1)N\ 



iA 



-27r{kT2+lU2)\p-—^=\ - 



27TV2T2U2 



-2nlU2\p- 



27rip(A;Ti+i(7i)- 



^2^2 [^2 



(kT2-lU2) 



■2T2 ^-2-KilpUi^ \l 2T2 



27rv/27W2 



AT 



+ 2i^+2c(0)C/2 



iV 



T2; (Ar + l)(Ar + 2) - 



^4+1 Ia=o ■ 



(2.28) 

Now let us come back to eq. ( |2.12| ). Unfolding the integration ( p.21| ) enables one to 
identify these contributions to tree-level, higher perturbative and non-perturbative correc- 
tions on the type I side. Let us briefly discuss a case, for which /i,/2 can be simplified 
further: gi, 52 7^ 0; f , w = ,s = r = with q = q2. The non-degenrate orbit gives: 

1 



f)4: — q f)q 
^non— deg ^ 



K-^^^. dA^'-^ aA2^ fcv/RA^ 



=e-2'^^^P^(^i'^^U[C/(Ai,A2)] , (2.29) 



where 



v/6(Ai,A2) + 



z(Ai - A2) 



T(Ai,A2)=Ti--T2 
P 

i/(A„ A.) = i (, + pf/, - [ v/KA^ + ^^^^ 



27rV27W2- 

z(Ai-A2: 



(2.30) 
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The worldsheet instanton corrections A"°" '^'^^ are exponentially suppressed. From the 
point of view of heterotic-type I duality it is convenient to rewrite this expression in terms 
of Hecke operators 



non— deg 



(2.31) 



N=l 



where qr = e'^^^'^ with T = NT and covariant derivatives acting on qj- start with DZ^- 
The structure of covariant derivatives in the above expression matches with the one found 
in ( pT3|) . 



The degenerate orbit gives 



2 (j,p)/(0,0) '-^ ^ ' 



where cq = c(0) = 504 is the constant coefficient of the light-cone Ramond partition 
function ^ = 2Jn'^(^)^"^- '^^^ taken over winding modes j,p. The case ni = 

n2 = in (p.ll| ) corresponds to vanishing winding numbers. Only Kaluza-Klein momenta 



contribute to A'^'^^, which will be identified with type I perturbative corrections in the 
next section. For q = 2 the result can be expressed in terms of the generalized Eisenstein 
function EiU, 3) = f/|C(6) Eo-.p)^o JJ^W 

2.4- i?^T^f~^ couplings 

The heterotic effective action compacified on K3 x contains higher derivative cou- 
plings FgTTR^T^^~^ , where T^i, is the field strength of the graviphoton. These couplings 
appear at one loop |j21[] and only depend on the vector multiplet scalars. They do not 



depend on the K3 mo duli.0 Therefore the moduli-dependence of these couplings should 
survive in the limit of large K3, i.e. in the decompactification to d = 8. In fact, we 
will show in this section, that the one-loop corrections to the couplings FgTrR'^T^^~^ and 
Fg(Tri2^)^T^^~^ share the same moduli dependence. They are derived from a one-loop 



^ The Hecke operator acts on a modular form of weight w as Hn[^w]{U) = 
jyi-n_: ^fc,p>o X]o<j<fe ^ '"^i"(^) with the D-brane complex structure U = ^^^^ |22]. 



kp = N 

^ However, they depend on the chosen gauge bundle. See e.g.: [24|. 
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amplitude with four graviton and {4g — 4) graviphoton vertex operators. Since the CP 
odd amphtude is related to the CP even amplitude by supersymmetry, which results in 
the same coupling, it is sufficient to discuss the CP even case only. This part is highly 
constrained by U{1) charge conservation of the internal c = 3 conformal field theory. Es- 
sentially this means, that only the bosonic part of the graviphoton vertex operators gives 
non-vanishing contributions. For the CP-even amplitude we use (|2.1| ) as graviton vertex 
operator in zero ghost picture and the following graviphoton vertex operator in background 
gauge: 

.ox 1 _ , 1 , . 

(2.33) 



yiO) 
gph 



The eight fermionic zero modes are soaked up by the graviton vertex operator and we get 
for the amplitude 



A 



A 1 A 1 



1=1 

In 4g 



4 



4(7 



I ^ \ j.I'l(TiI/2Cr2l'3Cr3!^4(T4 

i=X 1=5 



X 



PL,PR ^ 



4g-4 ^ 



_ 2 2 

q2PL q2PR 



4s 



(2.34) 



For the bosonic correlation function we introduce the generating functional 



1=1 



dxidxi 



with A, = and I ^0 - A>5 = i r d'^zidX^'dX^ - ^X^dXA and 



(2.35) 



-So+XS\ 



(det'A)2 



OiCX,f) 



e "^2 



(2.36) 



where (det'A)'^/^ = \r)\'^ 



ei(A,r) 
r73A27r 



d/2 



e ■'^a is the determinant for d scalar fields on a world- 



sheet torus which is calculated using ^-function regularization 



We introduced the 



In analogy to |21| we evaluate the determinant by passing to a complex basis for the eight 
dimensional Euclidean space: = -^{X^ - iX"^), Z'^ = -^(X° - iX^), Z^ = ^{X^ - iX^), 



Z^ = ^(X^-^X^) 
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dependence on Ai and A2 which keeps track of the space-time kinematics of the tensors 
R^i, and T^^, w.r.t. complex bosons Z^, and Z^, Z^, respectively. We may summarize 
all couplings Fg by the generating function 



F{\,X,T,U) = Y,Fg{\,\2f^-^ = j 



T2 



PL, PR 



■21'l qlPR 



X 



dXjdXl 



7^3 



n 2 



Using the identity ,r^_, e 

6*1 (A,r ) 



exp 



^i(Ai,r) 

1 \2k/^ 



^l(A2,r) 



(2.37) 



the above expression can be com- 



pared with the gravitational part of the elliptic genus (|2.4[ ), replacing by A. 

We use a somewhat different way than the one in Pi to integrate (IOtD . In fact, simi- 
lar as in [|ll|, it proves to be useful to promote the Jacobi-form $_2(r, z) = ^^^^^ Ty0i{z2 r)^ 
of characteristics {w,m) = (—2, —1) to the almost holomorphic function 

1 



$_2(r, z) 



0i(^i,r)2^i(z2,r) 



z2 
TT — m 

-e ^2 



-1 



(2.38) 



with the well-behaved modular behaviour $_2 



ar+b z 

CT + d ' CT + d 



(cr + rf)-2$_2(r,z). Thus 



all the non-holomorphic parts of the genus are captured by $_2. We treat the p"^ ^-lattice 
vector insertions as before in eq. (|2.15|) and obtain for Fg the closed form 



1 



1 



(2^)!2 (2T2t/2)2^^-2 dA^9-^ dzl'dzl' 



X 



r2 



(2.39) 



{pl,Pr) 



V 



■24 



(27rzff)*^fz^$_2(r,z) | ^=0 



in which the r-integration becomes straightforward. We need the coefficients c(n; b) ap- 
pearing in the power seriedl {i/k = e^'^'^^^): 

^(2.zr7^)S^i$_2(r,.) = ^ Y: zf^zf^V2,,V2,^= E ^(^^ b),-.?^^ 

' ' bi,b2=0 6i,b2=0n>-l 



Only Fi receives a contribution from the trivial orbit of ( p.21| ), namely 

Hg) - 



f7T^T2 : g = l 
: g^l 



^2b2 

Z2 
(2.40) 

(2.41) 



The functions V2b{G2, ■ ■ ■ ,G2b) have been introduced in pO]. E.g.: V{ 



1, V2 



-G2, Va — — ^(^2 + G4), 'Pe — ~|G'6 — — 



3LT2LT6 — ■^(jA^2 ~ 24 2 
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Proceeding with the orbits ( p.21| ) we obtain for the non-degenerate orbitS (in the chamber 
T2 > U2): 

(2(7)!2(2T2t/2)2s-2rfA4s-4^ 2g, 2gZ^ q/Ci, DJ^^ 

V V / u,^;^ u,^2 b {k,l)>0 



^2 



A=0 



■^--^ /^2 mz^ ' 

y^y). ^ az^ az2 ^ 

4s-4 

lz=0 



2 mz^ 



(2.42) 

We have checked, that after some work, ( ^.421 ) can be written for zi = zi in the form 
eq. (4.40) of [|2^. In (|2.42|) , the sum p < gives rise to T,U dependent polylogarithmic 
contributions, whereas p > leads to T, \J dependent pieces, which vanish for (7 > 3. For 
the degnerate orbit we find: 



2 _ mz2 TT ^—^ j2 — 77^2 2 ^Za I ^—0 



_^^2g-2 J2 V V - + fil2 J2 

(2.43) 

For g = 1 the first sum in the bracket of (|2.43|) is divergent if none of the ^^-derivatives 
act on it. In general, this divergence occurs when {4g — 4) ^^-derivatives act on the sum 
over p. In these cases the sum has to be replaced by a regularized expression, which we 
present in the appendix. With that in mind, we get in total for (|2.39|) : 

F, = Ioig) + hig) + ir-i9) ■ (2-44) 

We want to extract the holomorphic piece of Fg, which has a topological interpretation on 
the dual IIB side, described by F-theory on K3. The latter is described by an N=4 super- 
conformal field theory and 4(7 — 4 graviphoton insertions lead to topological invariant corre- 
lators at gf-loop order The holomorphic piece p^°^°'^- appears from ( |2.42| ) and ( |2.43| ) 
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We already include the = 0, ^ > contribution coming from the degenerate orbit l2{g)- 
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in the limit T,U ^ zoo, i.e. when aU 2;-derivatives act on the genus Ylh ^^'^'^ ^"2'^'- 

Fl;^r-{T,U)=a^-Ag)c{Q-2g,2g) + 2 J] c{kl-2g,2g) Ci,.^g[qT\u'] ■ (2.45) 

(fc,0>o 

The harmonic part of Fi is given by: 

24?7r^ 7fi?7r^ 

F^'^^^-{T,U,T,U)^ —T-^-U + 2 J2 c(fc/;2,2)/:zi[QTV]+/ic. , (2.46) 

{k,l)>0 



whereas the case g = is related to (12J4D . After (|2^ ), the coefficients c{kl;2g,2g) refer 



to V^EIt]-^^ = Elr]-^\VlElij-^^ = GjElij-^'^ and P|E|r7-24 = 1(^4 + GD^Elrj-^^ 
for g = 0,1 and g = 2, respectively. Clearly, for g = we just get the holomorphic 
prepotential Q ( |2.14| ), which counts genus curves of the underlying K3 [ p!0| . The g = 1 



case gives the correction to (tri?^)^, whereas the g = 2 case corresponds to (tri2^)^T^. 
Different distributions of zi , Z2-derivatives in (|2.39|) lead to different Lorentz kinematics. 



In particular it is possible to find a combination which gives a relation 

to the counting formula ||2^] . The latter counts genus g curves with g nodes on the K3 of the 
dual F-theory compactification. A similar correspondence has been recently established 
in four dimensions in counting curves of the K3 fiber of a Calabi-Yau manifold |2Cm . 

The amplitudes Fg have no obvious relation to the IIB couplings of ||27|| . 



In particular, the latter contain the set of (p, q) D-string contributions, which does not 
exist in our vacua. Moreover the couplings (p.45| ) behave like Fg —>■ ^(5 — 4g)c{0; 2g, 2g) 
in the decompactification limit T ^ zoo to ten dimensions in contrast to the IIB coupings 
/^4^4g-4^ which give the famous L>-instanton sum. 



3. Type I in eight dimensions 

In this section we discuss two type I models {A) and (B). Model {A) has Eg x 
Eg X f/(l)^ and model (B) SO{8)'^ x t/(l)^ gauge group. For model (A) we calculate 
gauge threshold corrections w.r.t. to the U{1) factors, while for model (B) we derive the 
corrections w.r.t. to the SO{8). Furthermore, we discuss type I corrections. 
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3.1. type I couplings in model [A] 

The dilaton dependence for surfaces with Euler number % = 2 — 2(7 — S — C, is A^'^ 
where g is the genus, B and C the number of boundaries and crosscaps, respectively. 
Using the duahty map ( |1 . 1|) we verify that the degenerate orbit of the heterotic threshold 
corrections (|2.32|) 

^del = ^3^t8i^r'^i^|Aj!,^_,^,(T2, U) - , (3.1) 

appear at one loop in the type I effective action. The term V^^Hs is invariant under this 
transformation, and the factor e^* which arises from ^ is canceled by contracting the 

2 

internal indices of the gauge kinetic term. Thus on the type I side we get the corresponding 
one loop (A5) coupling. 

Now let us directly compute (|3.1|) in type I string theory. One loop open string 
amplitudes consist of summing over oriented and unoriented surfaces with and without 
boundaries like the torus (T) and Klein bottle (/C) for the closed string sector and the 
annulus {A) and Mobius strip {Ai) for the open string sector, which have Euler number 

x = o. 

The vertex operator for Abelian gauge fields coincides with the one of type IIB theory: 
l^gauge = G,j : {dX' - hXlip') {dX^ - \KS'^i:i:S')e'''' : • (3.2) 

There is no contribution from the torus diagram T since the sixteen fermionic zero modes 
cannot be saturated at the level of four derivative terms. The remaining amplitudes can 
be written as: 



(3.3) 

1=1 i=l 

with relative weights Pk = ^-^ Pa = ^ind pM = ■, and is the Chan-Paton charge 
which is A = 32 for 5*0(32). The factor (27r^t)~* arises from momentum integration 
and V^^^ is the uncompactified volume in type I units. The open string oscillator sum is 
Z{t„) = ^i2(^^-) Z]a=2,3,4 \saO'^{^, Ta) with GSO projection signs S3 = -S2 = -S4 = 1 and 
modular parameters r^i = ^, tm = tjc = 2it. The perturbative duality group for the 
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open string is reduced to SL{2, 7j)u and the torus partition function r2 is now restricted 



Imi + 7712^71^. 



to the Kaluza-Klein momenta mi and m2 and v = pjG pj = —— /— i 

2U2V Or 

Contraction of the leftmoving fermions S°''y'^I^S^ contributes four derivatives to the 
amphtude and using a Riemann identity resulting in 



Z{t)GUt) = -- . 



(3.4) 



one finds after Poisson resummation: 

y(8)T2 



Si- 



loop — 28 ^2 



dt V ^ 



(3.5) 



where ^{N"^ — N -\-2^) = cq. Integration over t thus reproduces the corresponding heterotic 
couphng AlT-,,,(T2,t/). 



-^1 ^2 



3.2. R^T^^ ^ type I couplings 

The relevant type I one-loop amplitude involves four gravitons and {Ag — 4) gravipho- 
tons whose vertex operators are: 



1 



i^p Qb 

I al 

1, 



1 



kX 



(3.6) 



In analogy to we can immediately write down the expression for the generating func- 
tional: 



a=T,A,M,JC 



dt 



t\p\^/2 



d 



peTz 



d\^ 



with (e'S'o+^'S'in.t^^ = ^gSo+ASin.t^ 



M 



71-A 

sin TT A 



and (e'^"+^'^i"=')yc 



2tt\ 
tan TT A 



(3.7) 



The torus 



amplitude only contributes to F/, which yields \nU2\T]{U)\^ [|2^ from summing up even- 
even and odd-odd spin structures. 
The final expression is: 



dt 



t 



E 



rt|p|V2 



+ d^ ( nX 



(iA4 VsinyrA 



+ 



d4 / 



4 ^_i^^xy 



(3.^ 



torus 



dX^^ (sin7rA)2. 
which can be identified with the degenrate orbit of (|2.37| )for Ai = A2 = A. 
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3.3. SO{S)^ type I threshold corrections in model (B) 

In this section we discuss the orientifold example of Sen [^^. For this model 
heterotic/F-theory duality can be checked explicitly The (discrete) Wilson lines 

a{ = KO'^, 0^, 1^, 1^) and a| = 1(0^, 1^, 0^, 1^) break the gauge group to SO{8)'^. For this 
model the internal Abelian gauge group cannot be enhanced [E| and the underlying pre- 



potenial is trivial. I.e. in this case the corresponding one-loop gauge couplings A 



in ( ^.131 ) vanish identically [0. 

Since the SO{8)'^ arises from Chan-Paton factors with constant gauge field background 
a/, we apply the method developed in [0||3^[P to calculate type I one- loop threshold 
corrections. In this setup the expression for the one-loop amplitude of the open string 
reads 



Si 



= iT/(8) V O f-^— > 

-loop 2 ^ ' J t {2tiHY ^ 

cr=A,M;ij ^ ' „<y 



^i(0,r. 



01 



2 ' 



q^JBt 



(3.9) 



where F = BQ is the background gauge field and Q a generator of the Cartan subalgebra 
and qi the corresponding charge of the open string endpoint carrying Chan-Paton index i. 



The non-linear function can be expanded as eo- — q^B -\- 0{B'^) with q{- = {qi + qj) and 



Expanding the integrand to the order 0{B'^) gives 
ci 

^l-loop " 



cr=A,M;ij 



^4 ^ ^-KtpiG"pj/2 



(3.10) 



After Poisson resummation and changing variables from direct channel to closed string 
transverse channel which is / = 1/t for the annulus and / = l/(4t) for the Mobius strip, 
one finds: 



2n ^ w^Gtjw^ 



E 



^2'Ki{ai-\-aj) jw'^ 



(3.11) 
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Evaluating the sum leads to 



Si 



loop 



4 In 



T2U2\v{U)\' 



i<j;(i,j) = (k,k) 



+ 2^1n [T2t/2 

k=2 



Ok{U) 



2r?(t/) 



(i,i)=(l,k) 



(3.12) 



where = 1, . . . , 4 and 1 = {1, . . . , 4}, 2 = {5, . . . , 8}, 3 = {9, . . . , 12}, 4 = {13, . . . , 16}. 
We omitted some moduli independent constant which appears after regularization of the 
logarithmic divergence [|18| . 



In the T-dual type I' picture this example corresponds to placing four seven branes at 
each of the four fixed points. The above threshold corrections to TrFj^j-g^^TrF^Q^g^^^ arise 
from open strings stretched between branes sitting on the same or different fixed points: 
e.g. for /c = /c' we have 



Si 



loop 



In 



T2U2\v{UW 



TrF, 



SO(8), 



(3.13) 



On the heterotic side they translate to the degenerate orbit of the corresponding coupling. 

3.4- D-instanton Contribution 

Heterotic/type I duality maps winding modes of the heterotic string to winding modes 
of L>l-strings. Heterotic worldsheet instantons that arise in the non-degenerate orbit A = 
(^Op^ loop amplitude, are 'dual' to BPS instantons which arise after wrapping 

the euclidean worldsheet of Dl branes on the spacetime T^. Choosing a basis of two- 
cycles on T^, all inequivalent ways in which a can cover A^-times another are given 
by transformations that can be written in the form of the matrix A with kp = N and 
< j < k and p > and is the instanton number. The embedding of the Dl-string 
worldsheet into the target space torus is then given by Xi = AijaL 

The classical instanton saddle point is the exponent of the Born-Infeld action of the 
wrapped Dl-brane MM- 



Sbi = yJ v/d^t(^7+^ ~' j ^ 



R 

I 5 



(3.14) 



where Q and Bf are the pull-backs of the metric and the antisymmetric tensor and J-' the 
U{1) gauge background of the open string. 
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Fluctuations around the classical instanton saddle point are described by the elliptic 
genus A{U) (and its descendents) for Dl-branes on T^. Similarly we can take a single 
Dl-brane wrapped times over T^. This is realized by the action of the Hecke operator 
on the elliptic genus Hn[A]{U). The complex structure U of the space-time is modified 
according to U = ^-^-^ with the conditions for j, p, k as above, e.g. the three inequivalent 
ways a torus can double cover another torus is 2U, and ^ + 

Let us consider A^4'^g!l| = Ii{g) from (|2.42| ) (Ai = A2 = A) as an example, which in 
type I variables becomes 

, , l4,-4 (3.15) 

e-2"^«M(C/(2)) , 



X 



where 



U{z) = l \j + pUi - ipU2^/det{g + J^{z))/Vd^ 



ToUo (3-16) 



Vdetg = T2kp 
Bf = kpTi , 

and the skew symmetric eigenvalues of JF are = — ^ ^J^'^^ ■ 

In analogy to semiclassical instanton calculations the correlation function in an in- 
stanton background is obtained by saturating fermionic zero modes and integrating over 
the moduli space of instantons. In this case the instanton moduli space is provided by the 
heterotic matrix string model [^, which describes a worldsheet 0{N) two dimensional 
gauge theory. In the infrared limit this gauge theory flows to a (8, 0) supersymmetric 
Sn X Z2 orbifold conformal fleld theory. The elliptic genus for Sn symmetric orbifolds is 
naturally described by the action of the A^'th Hecke operator on the elliptic genus |^^. It 



is known from and that the elliptic genus for Sn symmetric orbifolds is given by 



the action of the A^'th Hecke operator on the elliptic genus. 

3.5. One-Loop corrections to B? 

Let us flrst briefly review threshold corrections in four dimensional N = 2 string vacua, 
which are torus compactiflcations of six dimensional = 1 string vacua. In heterotic string 
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vacua the Einstein term does not get any one loop corrections. This fact gives rise to a 



relation between threshold gauge couplings and the Kahler metric [37|. Since in type I 



theory Newton's constant is corrected at one loop [^[^, the dilaton has to be redefined, 
which provides the one loop correction to the type I Kahler metric. 

In eight dimensions this situation translates to the R^j^paR^'^^'^ coupling. There are 
no heterotic one-loop corrections, whereas in type I theory we will find a non-vanishing 
correction. The graviton vertex operator in the zero ghost picture is given in (|3.6| ). Let 
us start with a two point amplitude. Although the kinematic structure of a two point 
amplitude vanishes due to the on shell constraints we can still calculate the four derivative 
gravitational coupling. Going to a three point amplitude which e.g. includes a modulus 
and two gravitons will give a non-vanishing kinematic structure and produce a derivative 
on the two point coupling with respect to the modulus. 

The torus amplitude for a two point graviton vertex insertions vanishes since the 
fermionic zero modes cannot be saturated. But we can still get contributions from /C, 
A and M.. We want to extract the order 0{k^) term of the amplitude, which will only 
produce a non- vanishing result, if at least eight fermions are contracted due to Riemann 
identities. 

For non-oriented surfaces contractions between chiral and anti-chiral fermions are 
allowed {'iIj{z)'i/j{w))^ = Gf{z, I^{w)) with the involution /yi(tw) = Im{'w) = Ik. ~ ^ = 
1 — w and Gf{z, w) = f g°('^-^'r)g^(r) • Using ( pl^) and taking the sum over worldsheets 
a = IC, A, A4 we finally obtain for the type I one loop R^ correction 

= 0r(3)c„| ^ ^-L_ . (3.17) 



with th( 

eq. (|2.32|). In the decompactification limit A^^.^^^ disappears, in agreement with heterotic- 



where cq = — — ^"'"^ . The coupling coincides with the one-loop correction to F1F2 in 



type I duality in ten dimensions [Q. The heterotic tree-level R^ term is 'dual' to the disc 
diagram on the type I side. Duality relates this term to a one-loop correction to R^ on the 
heterotic side. Since such a term does not exist, we conclude that on the type I side it is a 
combination of R^ and A^2^2, which corresponds to the heterotic R^ term. In particular 
this combination is such that no one-loop correction to R^ is predicted on the heterotic 
side. A similar observation was recently made with the R^ correction in the duality of 
heterotic-type IIA pO[|. 

Acknowledgements: We thank C. Angelantonj, D. Anselmi, I. Antoniadis, C. 
Bachas, W. Lerche, and N.P. Warner for helpful discussions. St. St. thanks Ecole Poly- 
technique for the warm hospitality. 
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Appendix A. Regularization of world— sheet torus integrals 

The integral for the degenerate orbit of (|2.15|) and (|2.39| ) talces the generic form: 



h = To 



T2 



2+a+e 



(j,p)/(0,0) '2 



2+a+e 



e ^2 e 



b i9{j + Up) 



T. 



c{0) 



(j,p)/(0,0) 



gie(j+c/p) 



(A.l) 



with some: 



(A.2) 



We have introduced a regularization e, which is necessary for a = 0. This also allows us 
to interchange the order of summation and integration. For the sum over j we use the 
formula {s>l,C ^Q): 



E 



j = -oo 



(r--S-)B\ 



r^O 



27r' ""2 



2n\C\\r 



9 

2^' 



,3/2-3^1/2 



+ 



^ Vis -1/2)^ 



r(s) 



g-.^B |^^|.-i/2 i^^_^/2(|^C|) , Oy^O 



9 = . 



(A.3) 



Here K,y{z) is the modified Bessel function (of the third kind) 



(A.4) 



— ' m! r(m + 1^ + 1) 

m=0 



while I,y{z) being the modified Bessel function (of the first kind) [^T|. For s = 1 and 
< 9 < 2tv, C > eq. ( |A.3| ) reduces to the Sommerfeld-Watson transformation. In fact, 
with Ki{z) = \/^e~^ , we obtain: 

00 

E 



2x" 
iOj 



j = -oo 



(j + BY + C2 



TT 

c 



^-i8{B-iC) ^-i0{B+iC) _^ ^^-ie{B-iC) ^ 



-2-Ki{B-iC) 



1 _ Q2Tri{B+iC) 



I — g-27ri(S-iC) 



(A.5) 



Our formula ( [A.3| ) may be obtained from a generalization of the identity (79) given in 
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In the following we concentrate on the extra contribution to ( |A.1|) originating from 
the regularization. It arises from the second term in ( |A.3|) , i.e. it is the contribution from 



2-K ■ 



We shall denote it by /2(e)- The first term in eq. (|A.3|) , given by a sum over 



integers r and the Bessel function, has already been evaluated in section 2 and leads to 
the poly logarithms. 

Now we come to the regularization of ( ^.15| ), which is necessary for 2q; + = 2s — 
2r + = 0. In that case one has to replace the second sum in ( p.26| ) with the expression: 



/2(e) 



d 



N 



dKfdKfdKfdKf [1 _ ^(A, + A2 + A3 + A4) - i(Ai - A2 + A3 - K^)2]U^+2<.+2e) 



(A.6) 



Next, the regularized expression for the p-sum in ( p.43|) is [k = 2g — 2) 



2g k 



{2T2U2) 



i r,-4A;+2s+c 



{2k)\ 



a=Q s=0 

CK — CK -|^ -|~'^2 



{2s)\{k-s)\ \2T2U2 



1 



1 



7CT2U2 



1 (-71)" 
X C{1 - 2k + 2a + 2e) T{- + s - k + a + e) c(0; 2g - 2ai, 2g - 2a2) , ^ 

2 (ai)!(Q!2)! 

(A.7) 

We have used the relations (z^ = + a + e): 



■2 s 



dx 



2s 



lx=0 



d 



•2k 



{s)\ 
k 



-ay 



e-^x^KAx) = Y.^-ir-' 2-2^+2-H"+^ i^2s)\{k'- s)\ + ' " 



s=0 



(A.8) 



The sum ( [A.7| ) agrees with eq. (4.24) of 12^] after performing some obvious redefinitions. 
For a — k — 2g — 2, we encounter 



2g-2 



hie) 



{2T2U2Y 



fc-i r,-2,k+2s 



{2k)\ 



fc=ai+a2 s=0 



{2s)\{k-s) 



X 



1 



C(l + 2e) r(l + s + e) c(0;2<7-2ai,2<7-2a2) , ^ 



(A.9) 



which must replace the p-sum of ( p.43| ), when it is divergent. 
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To obtain from ( |A.6|) and ( |A.9| ) the e-independent terms, we have to use the series 
(cf. also [13): 

C(l + 2e) = l+7s + 0(e) , 



ri- + s + e)= r(- + + s) + e] + 0{e') , (A.IO) 

l-e\n{7vT2U2)+0{e^) . 



2 ' '2 '^"'2 

1 

nT2U2 

Here 7e is the Euler-Mascheroni constant 'Je- 

A special case of (|A.6|) appears for = a = 0, which corresponds to the integral: 



/j2 
"LL g^lp^l'gilPHl' = ^_ln|ry(T)|4|77([/)|4 . (A.ll) 



(pljPr) 



The integrand has an IR-divergence for T2 ^ oo and thus has to be regularized. This 
results in an extra contribution, given by k. In ref. [|T^, the integral (|A.llj ) has been 
regularized by substracting the (non-modular invariant) field-theoretical part with the 
result K = 7E - ln(47r) - HT2U2) - 1 - In(^). 

On the other hand, from our regularization ( [A.l| ), we obtain: 

/2(e) = 4 (^^Xnl + e) C(l + 2e) . (A.12) 
Extracting from /2(e) the e-independent terms gives 

K = -fE- ln(47r) - ln(T2[/2) . (A.13) 
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